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Abstract
The dispersive approach to QCD, which extends the applicability range of perturbation theory towards the infrared do-
main, is developed. This approach properly accounts for the intrinsically nonperturbative constraints, which originate
in the low–energy kinematic restrictions on pertinent strong interaction processes. The dispersive approach proves
to be capable of describing OPAL (update 2012) and ALEPH (update 2014) experimental data on inclusive τ lepton
hadronic decay in vector and axial–vector channels in a self–consistent way.
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Dispersion relations represent one of the sources of
the nonperturbative information on the hadron dynam-
ics at low energies. In particular, the dispersion rela-
tions render the kinematic restrictions on the pertinent
physical processes into the mathematical form and, as a
result, impose stringent physical intrinsically nonpertur-
bative constraints on relevant functions. Among the lat-
ter are the hadronic vacuum polarization functionΠ(q2),
which is defined as the scalar part of the hadronic vac-
uum polarization tensor
Πµν(q2) = i
∫
d4x eiqx〈0| T
{
Jµ(x) Jν(0)
}
|0〉
=
i
12pi2
(qµqν − gµνq2)Π(q2), (1)
related R(s) function
R(s) = 1
pi
Im lim
ε→0+
Π(s + iε), (2)
which is identified with the so–called R–ratio of
electron–positron annihilation into hadrons, and Adler
function [1]
D(Q2) = −dΠ(−Q
2)
d ln Q2 , (3)
with Q2 = −q2 = −s > 0 being the spacelike kinematic
variable.
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The functions (1)–(3) play a crucial role in deci-
sive self–consistency tests of Quantum Chromodynam-
ics (QCD) and the entire Standard Model, that, in turn,
puts strict restrictions on possible New Physics beyond
the latter. In particular, the theoretical description of a
number of the strong interaction processes, as well as
of the hadronic contributions to precise electroweak ob-
servables is inherently based on these functions.
The aforementioned nonperturbative constraints are
properly accounted for within dispersive approach to
QCD [2, 3] (its preliminary formulation was discussed
in Ref. [4]), which provides unified integral representa-
tions for the functions on hand:
∆Π(q2, q20) = ∆Π(0)(q2, q20)
+
∫ ∞
m2
ρ(σ) ln
(
σ − q2
σ − q20
m2 − q20
m2 − q2
)
d σ
σ
, (4)
R(s) = R(0)(s) + θ(s − m2)
∫ ∞
s
ρ(σ)d σ
σ
, (5)
D(Q2) = D(0)(Q2)
+
Q2
Q2 + m2
∫ ∞
m2
ρ(σ)σ − m
2
σ + Q2
d σ
σ
. (6)
In these equations ∆Π(q2, q20) = Π(q2) − Π(q20), m is the
total mass of the pertinent lightest allowed hadronic fi-
nal state, and θ(x) denotes the unit step–function [θ(x) =
1 if x ≥ 0 and θ(x) = 0 otherwise]. The leading–order
Table 1: Values of the QCD scale parameter Λ [MeV] obtained within perturbative and dispersive approaches from updated OPAL [5] and ALEPH [6] experimental
data on inclusive τ lepton hadronic decay (one–loop level, nf = 3 active flavors), see also Ref. [2].
Perturbative approach Dispersive approach
OPAL [5] ALEPH [6] OPAL [5] ALEPH [6]
(update 2012) (update 2014) (update 2012) (update 2014)
Vector channel 445+201
−230 439+110−119 409 ± 53 409 ± 28
Axial–vector channel no solution 409 ± 61 419 ± 33
terms in Eqs. (4)–(6) read [7, 8]:
∆Π(0)(q2, q20) = 2
ϕ − tanϕ
tan3ϕ
− 2 ϕ0 − tan ϕ0
tan3ϕ0
, (7)
R(0)(s) = θ(s − m2)
(
1 − m
2
s
)3/2
, (8)
D(0)(Q2) = 1 + 3
ξ
[
1−
√
1+ξ−1 sinh−1
(
ξ1/2
)]
, (9)
whereas ρ(σ) denotes the spectral density
ρ(σ) = 1
pi
d
d lnσ Im limε→0+
p(σ − iε)
= −
d r(σ)
d lnσ =
1
pi
Im lim
ε→0+
d(−σ − iε). (10)
Here sin2ϕ = q2/m2, sin2ϕ0 = q20/m
2
, ξ = Q2/m2,
and p(q2), r(s), d(Q2) stand for the strong corrections
to functions (1), (2), (3), respectively (see Refs. [2, 3]
for the details).
It is worth mentioning that the derivation of represen-
tations (4)–(6) involves no phenomenological assump-
tions. The Adler function (6) agrees with corresponding
experimental prediction in the entire energy range [3, 9]
(the studies of D(Q2) can also be found in Refs. [10–
17]), the functions (4)–(6) comply with the results ob-
tained in Refs. [18, 19], and the hadronic vacuum polar-
ization function (4) conforms with relevant lattice sim-
ulation data [20, 21].
The unambiguous method to restore the complete ex-
pression for the spectral density ρ(σ) (10) is still far
from being feasible (for a discussion of this issue see,
e.g., Refs. [22, 23]). Nonetheless, the perturbative con-
tribution to ρ(σ) can be calculated by making use of the
perturbative expression for either of the strong correc-
tions to the functions on hand (see, e.g., Ref. [24])
ρpert(σ) =
1
pi
d
d lnσ Im limε→0+
ppert(σ − iε)
=−
d rpert(σ)
d lnσ =
1
pi
Im lim
ε→0+
dpert(−σ − iε). (11)
In this paper the model [2] for the spectral density will
be employed:
ρ(σ) = 4
β0
1
ln2(σ/Λ2) + pi2 +
Λ2
σ
. (12)
The first term on the right–hand side of Eq. (12) is the
one–loop perturbative contribution, whereas the second
term represents intrinsically nonperturbative part of the
spectral density, see paper [2].
It is worthwhile to note that in the massless limit
(m = 0) for the case of perturbative spectral function
[ρ(σ) = Im dpert(−σ − i 0+)/pi] two representations (5)
and (6) become identical to those of the so–called ana-
lytic perturbation theory [25] (see also Refs. [26–33]).
However, it is essential to keep the value of the hadronic
production threshold m nonvanishing, since the mass-
less limit loses some of the nonperturbative constraints,
which relevant dispersion relations impose on the func-
tions on hand, see paper [2] and references therein for
the details.
The dispersive approach has been successfully ap-
plied to the study of the inclusive τ lepton hadronic de-
cay in vector (V) and axial–vector (A) channels. Specif-
ically, the theoretical expression for the pertinent exper-
imentally measurable quantity reads
RJ=1τ,V/A =
Nc
2
|Vud|2 SEW
(
∆V/AQCD + δ
′
EW
)
, (13)
where Nc = 3 is the number of colors, |Vud| = 0.97425±
0.00022 is Cabibbo–Kobayashi–Maskawa matrix ele-
ment [34], SEW = 1.0194 ± 0.0050 and δ′EW = 0.0010
stand for the electroweak corrections [35], and
∆V/AQCD =
2
pi
∫ M2τ
m2V/A
(
1 − s
M2τ
)2(
1 + 2 s
M2τ
)
× ImΠV/A(s + i0+) dsM2τ
(14)
denotes the hadronic contribution, see Ref. [36].
In Eq. (14) Mτ ≃ 1.777 GeV [34] is the mass of τ lepton
and mV/A stands for the total mass of the lightest allowed
hadronic decay mode of τ lepton in the corresponding
channel.
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Figure 1: Comparison of the expression ∆V/AQCD (15) (solid curves) with relevant experimental data (horizontal shaded bands). Vertical dashed bands denote solutions
for the QCD scale parameter Λ. The plots A, C and B, D correspond to experimental data [5] and [6], respectively.
It is worth noting that the description of the inclusive
τ lepton hadronic decay within perturbative approach
completely leaves out the effects due to the nonvanish-
ing hadronic production threshold. Additionally, this
approach suffers from its inherent difficulties, such as
the infrared unphysical singularities. These facts even-
tually lead to the identity of the perturbative predictions
for functions (14) in vector and axial–vector channels
(∆Vpert = ∆Apert, that contradicts experimental data [5, 6])
and the failure of the perturbative approach to describe
the experimental data on the inclusive semileptonic
branching ratio in axial–vector channel, see Table 1.
Note also that for vector channel perturbative approach
yields two solutions for the QCD scale parameterΛ, one
of which is commonly discarded, see paper [2] and ref-
erences therein.
The inclusive τ lepton hadronic decay was also stud-
ied within massless analytic perturbation theory and a
number of its modifications [13, 37, 38]. However, these
papers basically deal either with the total sum of vector
and axial–vector terms (13) or with the vector term only.
In the framework of the dispersive approach the
hadronic contribution (14) to the inclusive semileptonic
branching ratio can be represented in the following
form:
∆V/AQCD = 3 g1
(
χV/A
2
)√
1 − χV/A
−3 g2
(
χV/A
4
)
ln
(√
χ−1V/A +
√
χ−1V/A − 1
)
+
∫ ∞
m2V/A
G
(
σ
M2τ
)
ρ(σ) dσ
σ
, (15)
where G(x) = g(x) θ(1−x)+g(1) θ(x−1)−g(χV/A), g(x) =
x(2 − 2x2 + x3), χV/A = m2V/A/M2τ , m2V ≃ 0.075 GeV2,
m2A ≃ 0.288 GeV2, spectral density ρ(σ) is specified in
Eq. (12), and
g1(x) = 13 + 4x −
5
6 x
2 +
1
2
x3, (16)
g2(x) = 8x(1 + 2x2 − 2x3), (17)
3
see papers [2, 23, 39] and references therein. The jux-
taposition of the obtained result (15) with recently up-
dated OPAL [5] and ALEPH [6] experimental data is
presented in Fig. 1 and the corresponding values of the
QCD scale parameter Λ are listed in Table 1. As one
can infer from Fig. 1, the dispersive approach is capable
of describing the experimental data [5, 6] on inclusive
τ lepton hadronic decay in vector and axial–vector chan-
nels. The obtained values of the QCD scale parameterΛ
appear to be nearly identical in both channels, that testi-
fies to the self–consistency of the developed approach.
The author is grateful to D. Boito, S. Brodsky,
A. Kataev, B. Malaescu, and H. Wittig for the stimu-
lating discussions and useful comments.
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